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ABSTRACT 
An example is presented that ansevers in the negative the question of whether the 
square of every commutator need always lie in the nucleus. Also, we show the existence 
of specific nilpotent elements in the free alternative ring on four or more generators, 
and prove abstractly the existence of an ideal I @ 0, and I S ~ 0. 
It is known that in an arbitrary alternative ring the fourth power of 
every commutator  lies in the nucleus [4, 7]. More precisely we know the 
following: 
LEMMA 1. Let R be an alternative ring. Select arbitrary elements a, b, r, s 
in R and define v ~ (a, b) -: ab - ba. Then (v ~', r, s)v = v(v z, r, s) 
-= (v 4 , r , s )  =O.  
For some time it has remained an open question whether the square 
of every commutator  need always lie in the nucleus [1,6]. We shall present 
an example which settles this question in the negative. This generalizes 
and implies a result due to Dorofeev [2], who proved that in a free al- 
ternative ring with six or more generators there exist elements a, b, c, 
d, r, s such that 
((a, b) (c, d) + (c, d) (a, b), r, s) ~ 0. 
* This paper was supported in part by a grant from the U.S. Army Research 
Office (Durham) to Syracuse University. 
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Our result is also valid for free alternative rings on four and five genera- 
tors. Moreover we are able to extract f rom our result the existence of 
specific nilpotent elements in the free alternative ring on four or more 
generators and prove abstractly the existence of an ideal I :/: 0, and 
12 = 0, using a result of M. Slater [8]. 
The example is an algebra A with basis elements ql .... , q23 9 The al- 
gebra will be defined as soon as we indicate the multiplication table for 
the basis elements. Whenever we mean to define qiqj  = qk ,  we shall 
write (i, j)  ---- k instead. Since all but 73 of the products are zero, we 
now list all the non-zero products: 
(1, 1)== 1, (1 ,3)~--3,  ( l ,4 )=4,  (1,5)----5, (1 ,7 )=7,  (1,8)----8, 
(1,9)-----9, (1 ,10)= lO, (1 ,11)= 11, (1 ,12)= 12, (1 ,13) - -  13, 
(1, 17) = 17, (1, 20) = 20, (1, 22) = 22, (2, 1) = 2, (2, 3) ~ 14, (2, 4) 
= 15, (2, 5) = 16, (2, 7) -- -- 23, (3, 2) ---- 17, (3, 4) = 18, (3, 5) = 19, 
(3,10) 23, (3 ,11) - - - -23 ,  (3, 15)=9,  (3, 16)= 12, (3, 21)=7,  
(4, 2) ~ 20, (4, 3) = -- 18, (4, 5) -- 21, (4, 12) = 23, (4, 13) ~ -- 23, 
(4, 14)----8, (4, 16)= 11, (4, 19)=- -- 7, (5, 2 ) - -22 ,  (5 ,3 )= -- 19, 
(5, 4) . . . .  21, (5, 8) --~ 23, (5, 9) --~ -- 23, (5, 14) = 13, (5, 15) = 10, 
(5, 18) = 7, (6, 2) -- 23, (7, 1) = 7, (8, 5) = -- 23, (9,5) = 23, (10, 3) 
- -  23,  ( l l ,  3)  ---- 23, (12 ,  4 )  = - -  23 ,  (13 ,  4 )  = 23,  (14 ,  21)  = - -  23, 
(15, 19) ~ 23, (16, 18) ~ -- 23, (17, 1) z 17, (17, 4) ---- 9, (17, 5) = 12, 
(18 ,1 ) - -  18, (18, 5)----6, (18, 22)=23,  (19 ,1 )= 19, (19, 4 )~ -- 6 
(19 ,20)~ - -23,  (20 ,1 ) - -20 ,  (20 ,3 ) - -8 ,  (20, 5)--- 11, (21,1) --~ 21, 
(21,3) =6,  (21 ,17)=23,  (22 ,1 )=22,  (22 ,3 )~ 13, (22, 4 )= 10, 
(23, 1) = 23. 
At this point one needs to verify that A is indeed alternative. What 
is required is the verification that the associator (x, y, z) = (xy )z  - -  x (yz ) ,  
vanishes whenever the same basis element is substituted for at least two 
of the variables x,  y,  z and that (x, y, z) ~ (y, z, x )  = (z, x ,  y )  ~ - -  ( z ,y ,x )  
- -  -- (y, x, z) = -- (x, z, y), whenever distinct triples of basis elements 
are substituted. This process, while routine, is obviously too lengthy to 
be presented here. The reader will wish to carry out his own computa-  
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tions in any case. As a check on the hand computations we used the aid 
of an electronic omputer, which performed the task in relatively short 
time. 
It is easily seen that A may be generated by the four elements q~, 
q2-  q3, q4, q5. Also by choosing a= ql,  b q2-  qa, i' : q~, 
s q5, one may verify that 
((a, b) 2, r, s) (ql~ q17, q4, qs) - 2q=,3 5= 0, 
provided the algebra is taken over a field of characteristic other than two. 
Actually there exists an algebra of dimension 29, where squares of com- 
mutators are not always in the nucleus and where characteristic two is 
permissible, but the additional computation ecessary to verify this 
does not seem justified. In fact there is another property possessed by A 
which the other example does not have. One may verify that q2 lies in the 
nucleus of A, while (q.,, qx)qa q.zqa - :  ql~ does not, since (q~l, q4, q:,) 
: -q2a :/: 0. The significance of this observation will be taken up by 
M. Slater in another connection. 
It is obvious that A does not always satisfy Dorofeev's identity, 
for we may choose a- -c - -q1 ,  b d -q~ q:~, r :  q~,s  q.,. 
and verify that 
((a, b) (c, d) : (c, d) (a, b), r, s) -= 4q2a ~ 0. 
On the other hand Dorofeev's example does have the property that the 
square of every commutator is in the nucleus. 
At this point we establish the following result. 
LEMMA 2. Let R be an alternative ring. Select arbitrary elements a, b, r, s 
in R and define v -- (a, b) =- ab -- ba, t =-- (I, 2, r, s). Then: 
(1) t lies in the radical J of  R, 
(2) t 3- 0. 
PROOF. For a definition of J see [5]. In that paper it is also established 
that R/ J  is isomorphic to a subdirect sum of Cayley-Dickson algebras 
and associative, primitive rings. Since t = 0, whenever R is a Cayley- 
Dickson algebra or associative, it is clear that (1) must be true. This fact 
was of course previously known, but takes on significance only now 
because we know that in some R one can find t ~ 0. To prove (2), ob- 
serve that in every alternative ring the identity (x 2, y, z ) -  x(x,  y, z) 
q- (x ,y ,  z)x, holds. Substitute x -- v, y = r, z = s. Then t = (v 2, r, s) 
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= v(u, r, s) + (v, r, s)v. Hence t is contained in the associative subring S 
of R that is generated by v and (v, r, s). Hence t 3 -- tv(v, r, s)tq-t(v, r, s)vt. 
But tv = 0 =- vt, as a consequence of Lemma 1. Therefore t3 --- 0. This 
completes the proof of the lemma. 
At this point we mention an unpublished result due to M. Slater" 
THEOREM 1. ff" R is an alternative ring o f  character&tic ~ 3 and R has 
no trivial ideals, that is no ideal I ~- O, and 12 - O, then R is isomorphic 
to a subdirect sum o f  Cayley-Diekson rings and prime associative rings. 
This result and Lemma 2 have the following applications, which 
answer some questions uggested by P. M. Cohn in conversation. 
THEOREM 2. Let R be a free alternative ring with four or more generators. 
Ten the element o f  lemma 2, where a, b, r, s are chosen as generators, 
has the property that t ~/= O, and t 3 ~ O. More generally, R has at least 
one trivial ideal. 
PROOF. The existence of the aforementioned algebra A implies t ~- 0. 
As a direct consequence of Lemma 2, we have t 3 = 0. If  R were to sat- 
isfy the conclusion of Theorem 1, then one can verify easily that t would 
have to be zero, since Cayley-Dickson rings and associative rings have 
the property that squares of commutators are in the nucleus. Thus 
t ~i= 0 implies the existence of an ideal I J -  0, such that 12 = 0. This 
completes the proof of the theorem. 
The free alternative rings on one and two generators are associative, 
hence contain no nilpotent elements other than zero. This leaves the 
free alternative ring R on three generators a, b, c. I f  we define v -- (a, b), 
then v 4 is in the nucleus of R as a result of Lemma 1, but (v 4, a) 3~ 0, 
so that v 4 does not lie in the center of R. By a result essentially contained 
in [5] it follows that there exist non-zero ideals/, J in R such that I J  -- O, 
for in a nonassociative prime ring the nucleus and center coincide. 
Most likely stronger statements are true of R. 
Since right alternative rings without nilpotent elements are known to 
be alternative [3], it follows that free right alternative rings with two or 
more generators have non-zero nilpotent elements. However it might 
be laborious to locate such an element specifically. Several questions 
suggest hemselves at this point. Do free right alternative rings have 
trivial ideals? Do free Jordan rings have nilpotent elements or even triv- 
ial ideals? Apparently the answers to these questions are not known. 
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